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Abstract

To determine the Avogadro constant N by the x-ray crystal density method, the density of a
2Si-enriched crystal was determined by absolute measurements of the mass and volume of

a 1 kg sphere manufactured from the crystal. The mass and volume were determined by an
optical interferometer and a vacuum mass comparator, respectively. The sphere surface was
characterized by x-ray photoelectron spectroscopy and spectroscopic ellipsometry to derive
the mass and volume of the Si core of the sphere excluding the surface layers. From the mass
and volume, the density of the Si core was determined with a relative standard uncertainty of
2.3 x 1078, By combining the Si core density with the lattice constant and the molar mass

of the sphere reported by the International Avogadro Coordination (IAC) project in 2015,

a new value of 6.022 14084(15) x 103 mol~! was obtained for N with a relative standard
uncertainty of 2.4 x 1073, To make the N, value determined in this work usable for a future
adjustment of the fundamental constants by the CODATA Task Group on Fundamental
Constants, the correlation of the new N4 value with the N values determined in our previous
works was examined. The correlation coefficients with the values of N determined by IAC in
2011 and 2015 were estimated to be 0.07 and 0.28, respectively. The correlation of the new N
value with the N, value determined by IAC in 2017 using a different 28Si-enriched crystal was
also examined, and the correlation coefficient was estimated to be 0.21.

Keywords: Avogadro constant, kilogram, Planck constant, optical interferometry, ellipsometry,
silicon crystal, x-ray photoelectron spectroscopy

(Some figures may appear in colour only in the online journal)

1. Introduction

The kilogram is the only base unit of the International System of
Units (SI) still defined by an artefact, the international prototype
of the kilogram (IPK), which is kept at the Bureau International
des Poids et Mesures (BIPM) in Sévres near Paris [1, 2]. The
IPK mass is theoretically invariant: because it defines the kilo-
gram, its mass is always exactly 1kg. However, in the third
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periodic verification of national prototypes of the kilogram, it
was found that the masses of the some official copies of the IPK
changed with respect to the IPK by about 50 pg, or 5 x 1073 in
relative terms, for 100 years [3]. This has raised concern about
the long-term stability of the IPK mass. Since it is now possible
to compare two mass standards of the same material with an
uncertainty of about 1 pg, such a large instability is a critical
issue in performing reliable mass measurements.

To overcome this problem, the International Committee for
Weights and Measures (CIPM) has proposed a change in the
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definition of the kilogram. The new definition will be based
on a fixed value of the Planck constant / and is anticipated to
be accepted in 2018 [4]. Toward the change in the definition,
national metrology institutes (NMIs) are now being requested
to continue attempts to link the kilogram to & with a relative
uncertainty of a few parts in 108 [4]. The Avogadro constant
Ny is an important input datum in changing the definition of
the kilogram, because & can be calculated from N, via the
molar Planck constant Nah. Since the relative standard uncer-
tainty of Na/ has been estimated to be as small as 4.5 x 10~1°
by the CODATA Task Group on Fundamental Constants
(CODATA-TGEFC) [5], an accurate and independent measure-
ment of Ny will play a crucial role in the determination of 4 in
the new definition.

For these reasons, the National Metrology Institute of
Japan (NMIJ) has determined the value of Na as a frame-
work of the International Avogadro Coordination (IAC) pro-
ject [6-10]. The method used was the x-ray crystal density
(XRCD) method, where the Avogadro constant was deter-
mined from absolute measurements of the lattice constant,
density and molar mass of a silicon crystal. The density was
determined from the mass and volume measurements of 1kg
spheres manufactured from the crystal. Since the spheres were
covered with surface layers, the sphere surface was charac-
terized to determine the density of the Si core of the sphere
excluding the surface layers. These quantities were measured
for a 28Si-enriched crystal at the laboratories involved in the
IAC project [7, 8]. The IAC project succeeded in determining
the Avogadro constant with relative standard uncertainties of
3.0 x 1078 in 2011 [7] and 2.0 x 1078 in 2015 [8], and the
correlation coefficient between the two values of Ny was esti-
mated to be 0.17 [9].

After the change in the definition, NMIs will realize
the kilogram based on the Planck constant. To confirm the
international equivalence of the ability to realize the new
definition by NMIs, a pilot study to compare the realization
based on the value of & provided by the CODATA adjust-
ment of 2014 [5], organized by the Consultative Committee
for Mass and Related Quantities (CCM), is now ongoing.
The pilot study compares the realizations at the level of
1kg obtained by experiments that are capable of deter-
mining mass with a relative standard uncertainty of less
than 2.0 x 1077, As a participant of this pilot study, NMIJ
determined the mass of a 1kg ?®Si-enriched sphere based
on the values of 4 by the XRCD method in 2017, in which
the sphere mass was derived by measuring the volume of
the Si core and the mass of the surface layers of the sphere
[11]. The measurement data for the pilot study can be used
to determine the Avogadro constant based on the present
definition of the kilogram. However, our previous work was
only focused on the determination of the sphere mass based
on the new kilogram definition. In this paper, the measure-
ment data are therefore used to derive a new value of the
Avogadro constant.

The h value in the new kilogram definition will be deter-
mined using a least-squares adjustment by the CODATA-
TGFC that takes into account the s values determined by
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Figure 1. Surface layer model for the characterization of the 28Si
sphere. CWL refers to a chemically adsorbed water layer that is
still present under ultrahigh vacuum conditions. CL refers to a
carbonaceous contamination layer formed by different adsorbed
gases and contaminants, originating from the environment during
the measurement, handling, storage and cleaning of the sphere.
PWL refers to a physically adsorbed water layer, which must be
included when the measurements are performed under ambient
conditions.

various methods and the correlation between them. To make
the N value determined in this work usable for a future adjust-
ment, the correlation with the previous determinations of the
Avogadro constant [7, 8] is therefore examined in this paper.

2. XRCD method

The measurement of the Avogadro constant N by the XRCD
method using a silicon crystal is based on the following
equation [7-10]:

Na = 8M/(pa’), (1)

where p, M and a are its density, molar mass and lattice con-
stant, respectively. The density is determined from the mass
and volume measurements of a l1kg sphere manufactured
from the crystal. The sphere is covered with surface layers
whose main constituent is SiO; as shown in figure 1. The
basic concept of the XRCD method is the counting of the Si
atoms in the sphere. The density of the Si core of the sphere
excluding the surface layers is therefore necessary to deter-
mine Nu. The density of the Si core is determined from its
mass and volume. In this paper, these two parameters are des-
ignated as ‘Si core mass (M)’ and ‘Si core volume (Viore)’,
respectively. Equation (1) is therefore modified to

NA =8M Vcore/(mcore 33)- (2)

To determine N, in this study, the 28Si-enriched crystal sphere
AVO28-S5c, was used. This sphere was manufactured by the
IAC project, and details of the sphere are given in [8]. The values
of a, M, Viore and meop for this sphere were already measured by
the IAC project to determine N in 2011 [7] and 2015 [8].
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On the other hand, the XRCD method will be used to
realize the kilogram from the new definition of the kilogram
based on the value of 4 [10]. From equation (2), the mass of
the Si sphere mgppere is related to h as

m = Mcore + M :ﬂgvcore—i—m
sphere core SL NA PE SL
2Roh M 8 Viore
= , 3)
ca? M(e) o s

where Ry, a, M(e), ¢ and mgy, are the Rydberg constant, the
fine-structure constant, the molar mass of electron, the speed
of light in vacuum and the mass of the surface layers, respec-
tively [10]. In the pilot study to realize the kilogram based on
the new definition, the values of V.u. and ms; of AVO28-S5¢
were measured again by NMIJ in 2017 [11]. By combining
these values with the values of a and M measured by IAC in
2015 [8] and the values of R.,, a and M(e) in the CODATA
adjustment in 2014 [5], the sphere mass based on h mgphere
was determined using equation (3). The sphere mass based
on the present definition of the kilogram mgppere Was also
measured to confirm the reliability of the determination of
Mgphere,h- Details of the realization are summarized in [11].

In this paper, the values of Ve, msp and migphere measured
by NMIJ in 2017 are combined with the values of a and M
measured by IAC in 2015 to give a new Ny value using equa-
tion (2). A brief summary of the measurement by NMIJ in
2017 is also provided to elucidate the correlation between the
determined values of Nj.

3. Si core volume measurement by NMIJ in 2017

The Si core volume was determined on the basis of diameter
measurement by optical interferometry. The measured diam-
eter was the apparent diameter, which is not corrected for the
phase shift due to the surface layers. To derive the Si core
volume from the apparent diameter, the surface layers on the
sphere were characterized.

3.1. Optical interferometry

The sphere volume was measured by an optical interferometer
with a direct optical frequency tuning system [12—15]. The
Si sphere was placed in a fused-quartz Fabry—Perot etalon.
The sphere and etalon were installed in a vacuum chamber
equipped with an active radiation shield to control the sphere
temperature. The pressure in the chamber was reduced to
1 x 1073 Pa. Measurements of the fractional fringe order of
interference for the gaps between the sphere and the etalon,
d) and d,, and the etalon spacing L were carried out by phase-
shifting interferometry. The sphere diameter D was calculated
as D =L — (d, + d»). The light source of the interferometer
was an external cavity diode laser, and the required phase-shift
for the diameter measurement was produced by tuning the
optical frequency of the laser over the frequency range of 20
GHz [13]. The wavelength reference in the optical frequency

718

Table 1. Apparent diameter Dy,p and volume Vy,, of AVO28-S5¢ at
20.000 °C and 0 Pa obtained by NM1J in 2017.

Quantity Value u107°

Apparent diameter Duppb
Apparent volume V,p°

93.71081144 (62) mm 6.7
430.8912923 (86) cm? 20

# Relative combined standard uncertainty of each quantity.
® Diameter observed by interferometry.
¢ Volume observed by interferometry.

tuning system was synthesized by a frequency comb at NMIJ
from an atomic clock linked to coordinated universal time
(UTC) [12]. The comb is also used as the national standard of
length in Japan.

A sphere rotation mechanism installed under the sphere
was used to measure the diameter from many different direc-
tions. In a set of the diameter measurement, the diameter was
measured from 145 directions distributed near-uniformly on
the sphere surface [12, 15]. The set of the diameter measure-
ment was repeated 15 times. Between each set, the sphere
was oriented to distribute all the measurement directions as
uniformly as possible. The temperature of the sphere was
measured using small platinum resistance thermometers
(PRTs) inserted in copper blocks in contact with the sphere.
The PRTs were calibrated using the Ga melting point and the
water triple point according to ITS-90. The measured diam-
eters were converted to those at 20.000 °C using the thermal
expansion coefficient of the enriched ?%Si crystal [16]. The
measured diameter and volume were the apparent diameter
and volume, which are not corrected for the phase shift due to
the surface layers. Table 1 summarizes the apparent diameter
D,pp and apparent volume V. Details of the measurement
results and the uncertainty estimation are given in [11]. The
values of Dyyp and Vi, in table 1 are slightly different from
those in [11] due to a small correction based on the calibration
of the temperature sensors after the volume measurement.

3.2. Surface characterization

The surface layers consisted of an oxide layer (OL), a car-
bonaceous contamination layer (CL), a physically adsorbed
water layer (PWL) and a chemically adsorbed water layer
(CWL) as shown in figure 1. To derive the Si core volume
Veore from the apparent volume, the thickness of each surface
layer was determined by two different methods: x-ray photo-
electron spectroscopy and spectroscopic ellipsometry.

3.2.1. X-ray photoelectron spectroscopy (XPS). An XPS sys-
tem of NMIJ was used for the surface characterization, whose
main component was an ULVAC-Phi 1600C system equipped
with a monochromatic Al Ka x-ray source. The pressure in
the chamber was reduced to 1.5 x 10~ Pa. The Si sphere
was rotated around the horizontal axis and vertical axis by a
manipulator to characterize the entire surface. The XPS spec-
tra were measured at 52 points distributed near-uniformly on
the sphere surface. Details of the XPS system are provided in
[11,17].
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3.2.1.1. Determination of oxide layer (OL) thickness by
XPS. The thickness of the OL was determined by analyzing
XPS Si 2p core-level spectra, in which peaks corresponding
to the SiO; layer and the interfacial OL (Si,O3, SiO and Si,0)
were observed. To ensure the traceability of the OL thickness
measurement to the SI, the attenuation lengths for the Si 2p
electrons in Si0,, Si,03, SiO and Si,O were determined by an
Sl-traceable x-ray reflectometry (XRR) system at NMIJ [18]
using flat Si samples with different thicknesses of thermal
Si0,. The OL thickness was determined as the sum of each
OL. The average OL thickness at the 52 points was estimated
to be 1.26(9) nm [11, 17].

3.2.1.2. Determination of carbonaceous contamination layer
(CL) thickness by XPS. In the XPS C Is core-level spectra,
peaks corresponding to the C—C/H, C-O, CF, and CF; bonds
were observed. In our previous work [18], the main constituent
of the CL was considered to be a hydrocarbon. However, the
peaks assigned to both the C—C/H and C-O bonds were clearly
observed in this work. Since ethanol was used in the final step of
cleaning the sphere before the XPS measurement [11], the peaks
assigned to both the C—C/H and C-O bonds were considered to
be from ethanol and a hydrocarbon. The peaks assigned to the
CF, and CF; bonds were assumed to be from perfluoroalkoxy
(PFA). The thickness of the CL d¢;, was therefore determined
on the assumption that the CL was composed of an ethanol sub-
layer, a hydrocarbon sublayer and a PFA sublayer. The average
thicknesses of these sublayers at the 52 points were estimated to
be 0.62(10) nm, 0.45(6) nm and 0.20(4) nm, respectively. From
these results, the CL thickness was estimated to be 1.27(12) nm.
In addition, the density of the CL was estimated to be 1.08(14) g
cm~ by considering the thickness and density of each sublayer.
Details of the procedure to determine the thickness and density
of the CL are givenin [11, 17].

3.2.2. Spectroscopic ellipsometry. A spectroscopic ellip-
someter (Semilab GESSE) equipped with an automatic sphere
rotation system was also used to determine the OL thick-
ness [11, 19]. Its spectral bandwidth ranges from 250nm to
990 nm. The reliability of the ellipsometer was checked using
Si0, layers on wafers certified by the SI-traceable XRR sys-
tem at NMIJ [18].

The ellipsometer and automatic sphere rotation system
were integrated into a vacuum chamber to characterize the
surface layers both in air and in vacuum. The ellipsometric
measurement of the 28Si sphere was performed at 812 points
on the sphere both in air and in vacuum. The 812 points were
distributed near-uniformly on the sphere surface [11].

The surface model shown in figure 1 was fitted to the meas-
ured ellipsometric data to obtain the OL thickness. In the fit-
ting, only the OL thickness and the incident angle of the light
were adjusted and the thicknesses of the other layers were
fixed, where the thicknesses of the CWL and PWL determined
by gravimetry [8] and the thickness of the CL determined
by XPS [17] were used. The dispersion data of the optical
constants (refractive index and extinction coefficient) of the
CL were estimated by combining those of ethanol [20] and a
hydrocarbon [18]. For the other layers and the Si substrate, the
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Table 2. Mass, thickness and density of surface layers.

Layer Thickness/nm Density/g cm ™3 Mass/ug

OL 1.2409) 2.2(1) 75.2(6.3)
CL 1.27(12) 1.08(14) 37.7(5.9)
CWL 0.28(8)* 1.0(1)* 7.7(2.3)
Total 2.79(17) 120.6(8.9)

2 Values from [8].

Table 3. Uncertainty budget in the determination of the phase shift
correction Adj to obtain the Si core diameter.

Standard uncertainty

Uncertainty source Value in Adp/nm
Refractive index

CWL 1.332(10) 0.001
CL 1.40(15) 0.078
OL 1.457(10) 0.005
Si 3.881(1) 0.000
Extinction coefficient

CWL 0

CL 0.00(12) 0.007
oL 1.54(1.00) x 10~%  0.000
Si 0.019(1) 0.014
Thickness

CWL 0.28(8) nm 0.009
CL 1.27(12) nm 0.016
OL 1.24(9) nm 0.014
Combined standard uncertainty 0.083

optical constants in the database of simulation software (SEA,
Semilab Co. Ltd) were used. The PWL was not considered in
the determination of the OL thickness in vacuum.

The OL thickness was evaluated to be 1.13(29) nm in
vacuum and 0.89(30) nm in air. The weighted mean of the two
thicknesses was 1.01(30) nm [19]. The uncertainties of the OL
thickness determinations in air and in vacuum are almost same.
In addition, the two thickness determinations are highly cor-
related [19]. The uncertainty of the weighted mean of the OL
thickness is therefore almost same as the uncertainties of the
thickness determinations in air and in vacuum. The OL thick-
ness was also measured using the XPS system to be 1.26(9)
nm as described in section 3.2.1.1. The weighted mean of the
OL thicknesses determined by the two different techniques
was 1.24(9) nm. This thickness was used as the OL thickness
to evaluate the Si core volume and mass of the sphere. Table 2
summarizes the thickness of each layer evaluated by XPS and
spectroscopic ellipsometry. In this table, the thickness of the
CWL estimated by gravimetry [8] is also listed.

3.3. Si core volume

To determine the Si core volume, the total phase retardation
upon reflection at the sphere surface 6 was calculated in accor-
dance with the procedure in [13]. To calculate 6, the thick-
ness and the optical constants of each layer given in table 3
were used. The phase shift upon reflection (6 — ), was
estimated to be —0.054(3) rad. The effect of this phase shift
on the gap measurement Ad was 2.73(16) nm. This means
that the actual diameter including the surface layers is larger
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Table 4. Uncertainty budget of the determination of the Avogadro constant N by NMIJ in 2017.

Quantity Value Relative standard uncertainty in Na Source
Veore 430.8912905(87) cm?® 2.0x 1078 This work, [11]
a 5.430996219(10) x 10~'19m 5.5 % 107° [8]
M 27.97697009(15) g mol ! 54%107° [8]
Msphere 999.6984595(59) g 5.9 x 107° This work
msL 120.6(8.9) pg 8.9 x 107 This work, [11]
Meficit 3.8(3.8) pg 3.8 x107° [8]
Na 6.022 14084(15) x 10 mol~! 2.4 x 1078
than the apparent diameter by 5.45(32) nm. The actual diam- + XRCD method
eter Dycal Was therefore obtained using Dactuat = Dapp + 2 [. : Watt balance method} > 2x 109N,
Ad. The phase shift correction to obtain the Si core diam-
eter from the apparent diameter, Ady, was determined as IAC-2011
Ady =2 (Ad — dyora)), Where dyory is the sum of the thickness NRC-2014 —
of each layer. The value of Adj was estimated to be —0.13(8) IAC-2015 —
nm. Table 3 shows the uncertainty budget in the determina- NIST-2016 -
tion of Ady. The Si core fliameter D ore Was determined.to be CODATA2014 .
93.71081132(63) mm using Dcore = Dapp + Ady. The Si core this paper
volume Voo Was estimated to be 430.8912905(87) x10~° ‘ .
Cm3 with a relative standard uncertainty of 2.0 x 10_8. 6.022 1400 6.022 1405 6.022 1410 6.022 1415
N, / 102 mol!

4. Si core mass measurement by NMIJ in 2017

The Si core mass mgqe Was determined from the mass of the
sphere including the surface layers measured by a mass com-
parator mgphere and from the mass of the surface layers evalu-
ated by the surface characterization msgy .

4.1. Mass measurement by a mass comparator

A vacuum mass comparator at NMIJ [21] was used to deter-
mine the mass of the sphere including the surface layers. The
mass of the platinum—iridium kilogram standards of NMIJ
was used as the reference in the measurement. Before the
mass measurement of the sphere, the mass of the standards
was calibrated in the Extraordinary Calibrations conducted
by BIPM [22]. The mass of the sphere in vacuum migphere Was
estimated to be 999.6984595(59) g. Details of the uncertainty
evaluation are provided in [21].

4.2. Surface mass

The mass of the surface layers under vacuum mgy, is given by

“)
where mqy, mcr, and mcwy are the masses of the OL, CL and
CWL, respectively. The masses were calculated from the
thickness and density of each layer. The calculated masses are
summarized in table 2 along with the density and thickness of

each layer. The total mass of the surface layers was estimated
to be 120.6(8.9) pg.

mgL = moL + mcL + McwL,

4.3. Sicore mass

To determine the Si core mass, the mass of the surface layers
was subtracted from the mass of the sphere. In addition,
owing to point defects, there is a difference between the

Figure 2. Comparison of the values of N, using the XRCD
method (IAC-2011 [7], IAC-2015 [8] and this paper) and the watt
(Kibble) balance method (NIST-2016 [23] and NRC-2014 [24]).
The recommended value by the CODATA adjustment in 2014
(CODATA-2014 [5]) is also shown. The bars on the data show the
standard uncertainty.

mass of a sphere having Si atoms occupying all the regular
sites and the measured mass value. The mass of the Si core
Mcore to determine the Avogadro constant was therefore cal-
culated using

Meore = Msphere — MSL + Mdeficits

(5
where mgescit 1s the effect of point defects (i.e. impurities and
self-point defects in the crystal) on the core mass [8]. The value
of Mmgeficit for AVO28-S5¢ was estimated to be 3.8(3.8) ng [8].
The values of my was determined to be 999.698343(11) g
with a relative standard uncertainty of 1.1 x 1075,

5. Avogadro constant

5.1 Determination of the Avogadro constant by NMIJ in 2017

From the values of V. and m o determined in this study,
the density of the Si core was determined with a relative stan-
dard uncertainty of 2.3 x 107%. By combining the density
with the lattice constant a and the molar mass of silicon M
of AVO28-S5c¢ determined by IAC in 2015 [8], the Avogadro
constant was determined to be

Nj = 6.022 140 84(15) x 10* mol !, (6)

with a relative standard uncertainty of 2.4 x 10~ using equa-
tion (2). Table 4 shows the uncertainty budget of the N deter-
mination. The largest uncertainty source is the determination
of the Si core volume. This determination of N4 from the data
measured by IAC in 2015 [8] and from the data measured by
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NMIJ in 2017 is referred to as ‘N determination by NMIJ in
2017’ in this paper.

5.2. Comparison with other results

Figure 2 shows a comparison of the value of N obtained in
this work with those in our previous works [7, 8]. The bars on
the data show the standard uncertainty. The N, values con-
verted from the values of the Planck constant / determined by
the watt (Kibble) balance experiments at the National Institute
of Standards and Technologies of USA (NIST) [23] and the
National Research Council of Canada (NRC) [24] are also
shown. For the conversion, the molar Planck constant Nah =
3.9903127110(18) x 107'°J s mol~! in the CODATA adjust-
ment in 2014 [5] was used. Because the relative standard
uncertainty of Nah is as small as 4.5 x 10719, the increase of
the uncertainty of N by the conversion is negligibly small.
The value of N determined in this work agrees with those in
the previous works within their uncertainties.

6. Correlation with the previous determinations
of the Avogadro constant by the XRCD method

In 2011 and 2015, the IAC project reported the determinations
of N using the XRCD method [7, 8]. The correlation coef-
ficient between the two N, determinations was estimated to
make both N values usable for the least-squares adjustment
of the Planck constant by the CODATA adjustment in 2014
[9]. In this study, a new value of Ny was determined on the
basis of the measurement data obtained by NMIJ in 2017 and
by IAC in 2015. To also make this new N4 value usable for a
future adjustment, the correlation coefficient with the values
obtained in 2011 and 2015 are estimated in this paper in the
manner described in [9].

6.1. Summary of the Na determinations in 2011
and 2015 by IAC

In 2011, the Avogadro constant was determined by mea-
suring the lattice constant, molar mass, core volume and core
mass of the two 28Si-enriched spheres named AVO28-S5 and
AVO28-S8 [7]. The structure of the surface layers was inves-
tigated using various surface analysis techniques, and it was
found that the spheres were covered with a thin layer contami-
nated with silicides of the metals Ni and Cu. This unexpected

V (x1-2015)
Cov (x2-2015, X1-2015)
Cov (x1-2017, X1-2015)
Cov (x2-2017, X1—-2015)

U, — V (x2—2015)

metallic contamination was one of the largest uncertainty
sources in the determination of the Avogadro constant in 2011
[7]. To reduce the uncertainty contribution from this source,
the metallic contamination was removed by Freckle™ etching
after the 2011 N, determination [18]. However, the etching
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Cov (x1 2015, X2-2015)

Cov (x1-2017, X2-2015)
Cov (x2-2017, X2-2015)

process degraded the shape of the spheres [25], and the
spheres were therefore repolished to improve their sphericity.
The measurements were repeated using the repolished spheres
renamed AVO28-S5¢ and AVO28-S8c, and an N, value was
published in 2015 [8].

In this study, a new value of Ny was determined using
AVO028-S5c. To simplify the analysis, we considered the cor-
relations between the N values obtained using AVO28-S5
and AVO28-S5c¢ in the followings.

6.2. Mathematical model for the calculation of the correlation

The calculation of the correlation coefficient between the two
Ny determinations requires the correlation of each pair of
input data: molar mass, lattice constant, core volume and core
mass. To explain the estimation procedure of the correlation,
let us consider the correlation between two output quantities
obtained in 2015 and 2017, y,015 and y»¢17, as an example [9,
26]. The two output quantities are represented by

(N
®)

where f 5015 and f 5017 are the measurement functions in 2015
and in 2017, respectively, xj,015 and xp.0015 are the input
parameters for yyois, and xj017 and x.0017 are the input
parameters for y,o;7. The variance and covariance matrix asso-

ciated with y, U,,, is represented by
Cov (yzols,)’2017)>

U.. — V (y2015)
- Cov V (y2017)

(2015 2017)
where V(yy015) and V(y2017) are the variances of y»o;5 and y»017,
respectively, and Cov(y15,y2017) 18 the covariance between

Y2015 and yo17.
U,,,is given by

Y2015 = fro1s (¥1-2015, X2-2015) »

Y2017 = foo17 (X1-2017, X2—2017) »

©)

U,, =C.U,.C}, (10)
where C, is the sensitivity matrix obtained by evaluating

s
O0x1-2015

Ofrots
0x2 2015

0 0

Ce= (11)

917
0x1 2017

9fo17
O0x2—2017

0 0
and U,, is the variance and covariance matrix between the
input parameters given by

Cov (x1-2015, X2—2017)

CoV (x2-2015,X2-2017)

Cov (x1-2017,X2-2017)
V (x2-2017)

Cov (x1-2015, X1—2017)
Cov (x2-2015,X1-2017)
V (x1-2017)

Cov (x2-2017, X1-2017)

12)

The correlation coefficient between y,15 and y217, Corr (2015,
y2017), is given by

Cov (y2015, ¥2017)
V'V (2015) V (v2017)

Corr ()’2015,)’2017) =

13)
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In our previous paper [9], the relative variance and covariance
matrix associated with y, U, ,, was used instead of U,
Cov; (y2015, y2017)

Uryy = < Vi (y2017) )’ (14)

where V; (y2015) and V; (yy017) are the relative variances of
Y2015 and y»q17, respectively, and Cov, (y2015,y2017) 1s the rela-
tive covariance between yo15 and y»o17. Equation (10) is there-
fore modified to

Vi (02015)
Cov; (y2015,¥2017)

Upyy = Cerrx,xC;rx, (15)
where
1 1 00
Crx:(o 01 1) (16)
and
Vi (x1-2015) Cov; (x1-2015, X2-2015

Vi (x2-2015)
CoV; (X1-2017, X2-2015
CoV; (X2-2017, X2-2015

Cov; (x2-2015, X1-2015)
Cov; (X1-2017, X1-2015)
Cov; (X2-2017, X1-2015)

U, xx =

The correlation coefficient Corr (y2015, Y2017) 18 calculated
from the elements of U, , as

_ Cov; (y2015- y2017)
Ve 02015) Vi (v2017)

Corr (y2015, ¥2017) (18)

7. Correlation with the N, determination
by IAC in 2015

71. Lattice constant

For the Na determination by IAC in 2015, the lattice
constant a of AVO28-S5c was determined at the Istituto
Nazionale di Ricerca Metrologica of Italy (INRIM) using
a combined x-ray and optical interferometer with a relative
uncertainty of 1.8 x 107° [27], and the relative uncertainty
contribution of a to the N determination was 5.5 x 107°.
As described in section 5.1, the same value of a was used
in the N determination by NMIJ in 2017. The correlation
coefficient between the uncertainty contribution of a to the
N4 determination in 2015 and that in 2017 was therefore
estimated to be 1.

72. Molar mass

For the Na determination by IAC in 2015, the molar mass
M of AVO28-S5¢ was measured independently by the
Physikalisch-Technische Bundesanstalt of Germany (PTB),
NIST and NMIJ using isotope dilution and multicollector
inductively coupled plasma mass spectrometers [28-31]. The
measured amount of substance of *°Si was confirmed by the
measurement results with instrumental neutron activation
analysis (INAA) by INRIM [32]. By combining these mea-
surement data, the value of M for AVO28-S5¢ was determined
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with a relative uncertainty of 5.4 X 10~? [8]. The relative
uncertainty contribution of M to the N, determination was
also 5.4 x 107%. As described in section 5.1, the same value
of M was used in the N, determination by NMIJ in 2017. The
correlation coefficient between the uncertainty contribution of
M to the N determination in 2015 and that in 2017 was there-
fore estimated to be 1.

73. Si core volume

For the N determination by IAC in 2015, the V . value
of AVO28-S5c was determined independently by PTB and
NMIJ. For the estimation of the correlation between the Ve
value obtained by IAC in 2015 Viac.2015 and that by NMIJ in

)

)
)

Cov; (X1-2015,X2-2017)

Cov; (X2-2015,X2-2017)

Cov; (x1-2017, ¥2-2017)
Ve (x2-2017)

Cov; (X1-2015,X1-2017)
Cov; (X2-2015,X1-2017)
Ve (¥1-2017)
Cov; (x2-2017, X¥1-2017)

7

2017 Vw2017, the correlations for the following three com-
binations were examined:

1. Corr (VNmi-2015, VNMD-2017);
2. Corr (VprB-2015, VNMII-2017);
3. Corr (Vnmu-2015, VPTB 2015)s

where Vmir-2015 and Vpreooors are the V.o values deter-
mined by NMIJ and PTB in 2015, respectively.

73.1. Correlation between VNM[J.2015 and VNM/J.2017. Table 5
summarizes the relative contributions and correlations of
the uncertainty sources to the Si core volume determinations
of AVO28-S5¢ by NMIJ in 2015 and 2017. The uncertainty
sources were composed of the interferogram analysis, the
sphere temperature measurement, the diffraction effect and
the standard deviation of the mean volume.

In the interferogram analysis to determine the gaps and the
etalon spacing by interferometry, a polynomial was fitted to
the interferogram. The mean residual of the fitting was used
as the uncertainty in the interferogram analysis [15]. Because
this is a random uncertainty due to the noise in the interfero-
gram, the uncertainty contributions from this source in 2015
and 2017 are not correlated.

The sphere temperature was measured by the same small
PRTs installed in the interferometer in 2015 and 2017 [13, 15].
They were calibrated using the same temperature fixed-point
cells before and after the measurements. The correlation
between the temperature measurements in 2015 and 2017 arises
from the uncertainty of the temperature fixed-point cells and
the non-uniqueness of the PRTs. The total uncertainty and sys-
tematic uncertainty in the temperature measurements in 2015
and 2017 were estimated to be 0.62 mK and 0.28 mK, respec-
tively [9]. The correlation of the uncertainty contributions of
the sphere temperature measurements was estimated to be 0.21.
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Table 5. Relative contributions and correlations of the uncertainty sources to the Si core volume determination of AVO28-S5¢ by NMIJ in

2015 and 2017.

Relative contribution to un-

Relative contribution to un-

Uncertainty source certainty of Vw2015 * certainty of Vw2017 Correlation
Interferogram analysis 10.3 x 107° 103 x 107° 0
Temperature 4.8 x 107 4.8 x 1077 0.21
Diffraction effect 16.0 x 107° 16.0 x 107° 0.25
Surface 2.5 % 107° 2.7 x 107° 0
Standard deviation of the mean volume 33 x 1077 3.7 x 107° 0

Total 20.1 x 1077 20.1 x 107° 0.17

2Values from [15].

In the volume measurements by interferometry in 2015 and
2017, the directions of the diameter measurement were deter-
mined based on 145 directions distributed nearly uniformly on
the sphere surface [11, 15]. In a set of the diameter measure-
ment, the diameter was measured in the 145 directions, and the
volume was determined from the average diameter. The set of
the diameter measurement was repeated 10 times in 2015 and
15 times in 2017. Between each set, the sphere was oriented to
distribute all the measurement directions as uniformly as pos-
sible. The standard deviation of the mean volume was used as
an uncertainty source for the Si core volume measurement. This
is a random uncertainty, and the uncertainty contributions from
this source in 2015 and 2017 are therefore not correlated.

The largest uncertainty source in the volume measure-
ments in 2015 and 2017 is the diffraction effect [8, 11, 15]. In
the NMIJ interferometer, the beams reflected from the etalon
and the sphere diverge differently and do not propagate along
exactly on the same path. The effect of the difference in the
Gouy phases of the two beams on the diameter measurement
was estimated to be 0.65nm by rigorous ray-tracing using
the matrix method [13, 14]. The uncertainty of this correc-
tion was conservatively estimated to be 0.5nm owing to the
insufficient information to evaluate the uncertainty [13]. The
relative uncertainty contribution of this correction to the Si
core volume determination is 16.0 x 10~ and is represented
as ‘Diffraction effect’ in table 5. Though the uncertainty of
the correction was estimated to be 0.1 nm by simulation [33],
the simulation results have not been verified experimentally.
We therefore cautiously assumed that the systematic fractions
of the uncertainties of the diffraction effect in 2015 and 2017
have a uniform probability in the interval [0,1]. The expected
values of systematic fractions are both 0.5, and the expected
correlation coefficient is 0.25 as estimated in [9].

As to the surface characterizations, the determinations of
the thicknesses of the CL and OL in 2015 are uncorrelated with
those in 2017, because they were measured using different
surface analysis techniques; in 2015, the CL thickness was
determined by x-ray fluorescence analysis and the OL thick-
ness was determined by spectroscopic ellipsometry [18], and
in 2017, the thicknesses of the CL and OL were determined
mainly by XPS at NMIJ independently as described in sec-
tions 4.1 and 4.2. On the other hand, the CWL thickness deter-
minations in 2015 and 2017 are strongly correlated because

the thicknesses were estimated from the same literature data
[34] and the effects of the CWL on the Si core determinations
were estimated using the same thickness and optical constants.
However, the uncertainty contributions from the thickness and
optical constants of the CWL to the Si core determination in
2017 are negligibly small as shown in table 3. The contrib-
utions to the Si core determination in 2015 were also negligibly
small as shown in table 5 in [15]. Consequently, the correlation
coefficient between the uncertainty contribution of the surface
characterization to the Si core determination in 2015 and that
in 2017 was estimated to be 0.

From the relative contributions and correlations of the
uncertainty sources in table 5, the correlation coefficient
between Vmu-oo1s and Vw2017 was estimated to be 0.17.

7.3.2. Correlation between Vprg.0015 and Vnmiy-2017 and correla-
tion between Vprg.o015 and Vnmiy-201s.  In the sphere volume
measurement by PTB in 2015, an optical interferometer with
a spherical etalon was used [8, 35]. The optical configuration
and phase-shifting algorithm of the PTB interferometer were
completely different from those of the NMIJ interferometer
used in 2015 [8, 15] and 2017 [11]. The uncertainty contrib-
utions of the sphere volume measurements by the two interfer-
ometers are therefore uncorrelated.

In the surface characterization by PTB in 2015 and that by
NMIJ in 2017, the determined CWL thicknesses are strongly
correlated because the thicknesses were estimated using the
same literature data [34]. In the surface characterizations by
PTB and NMIJ in 2015, the determined thicknesses of the
CWL and CL are strongly correlated because PTB and NMIJ
used the same thicknesses of these layers to derive the Si core
volumes [8]. However, the uncertainty contributions of the
surface characterizations to the Si core volume determinations
were significantly smaller than those of the volume measure-
ments by interferometry [8, 11, 15]. Taking into account the
correlations in the volume measurements by interferometry
and the surface characterizations, the correlation coefficient
between Vpreoo15 and Vami-2017 and that between Vprgooois
and Vami-2015 were therefore estimated to be 0.

73.3. Correlation between Viac.o015 and V2017 Table 6 sum-
marizes the relative uncertainties and correlations of the Si core
volume determinations by PTB and NM1J in 2015 and 2017.
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Table 6. Correlations between the Si core volume measurements by
PTB and NM1J in 2015 and 2017.

Correlation coefficient

Institute, Relative

year uncertainty u;  Vnmw20i5 Ver2ois  Vmw-2017
V20t 20.1 x 1072 1 0 0.17
Vp1B-2015 26.7 x 107° 0 1 0
Vamn20i7— 20.1 x 1072 0.17 0 1

The Si core volume obtained by IAC in 2015 Viac.oois
was the weighted mean of Vw2015 and Vprg.oo1s. The weights
of Vinmu-201s and Verg-oo1s in Viac-201s are (1/[ud(Vamir2015)1%)/
(M[ul(Vmir-2015)1* + V[ud(Ver2015)1?) = 0.64 and (1/[u,
(Verp-2015) 1/ ([t Vnmiz2015)1* + 1/ [u Vamiz-2015)1%) =
0.36, respectively. Equation (15) is therefore modified to

T

E}

19)

UrVIAC—zols,VNMU—zon =CU; VNMIJ—zo]s,erB—zms,VNMlJ—zowC

where

1 (VNMIJ—2015)]2 C

U Cov; (Vmu—2015, VerB—2015)

r Viac—2015,VerB—2015, VM — 2017
Cov; (Vm—2015, VNMI—2017)

c—( ).

The correlation coefficient between the volume measure-
ments by IAC in 2015 and by NMIJ in 2017 was estimated
to be 0.14.

C

0.64 036 0

0 0 1 @1

74. Si core mass

Table 7 shows the relative contributions and correlations of
uncertainty sources to the Si core mass determinations of
AV028-S5c by IAC in 2015 and by NMIJ in 2017. The Si
mass obtained by IAC in 2015 was the weighted mean of the
values obtained by three laboratories, BIPM, PTB and NMIJ,
in which the weight of NMIJ’s result was 0.19 [8]. On the
other hand, the Si mass obtained by NMIJ in 2017 was deter-
mined only by NMIJ.

The uncertainty sources of the mass measurements were
composed of the BIPM mass scale, the mass difference meas-
urement, the surface layers mass and the point defect mass.
The mass measurement results obtained by IAC in 2015 and
by NMIJ in 2017 were both traceable to the BIPM mass scale
established at the Extraordinary Calibrations from 2013 to
2014 [36, 37], which provided us the newest linkage to the
IPK. The uncertainty due to this BIPM mass scale was esti-
mated to be 3.0 pg [9] and 3.3 pg for IAC’s result in 2015
and NMIJ’s result in 2017, respectively, and the common
systematic uncertainty between them was estimated to be 3.0
pg. Consequently, the correlation coefficient was given by
(3.0 pg)*(3.0 pg x 3.3 ug) = 0.91.

The mass of the Si sphere including the surface layers
was determined independently by the mass difference
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measurement by each laboratory by comparison with a ref-
erence weight traceable to the BIPM mass scale. The uncer-
tainty due to this mass difference measurement was estimated
to be 1.8 pg [8, 9] and 4.9 pg for IAC’s result in 2015 and
NMIJ’s result in 2017, respectively, and the common system-
atic uncertainty between them was estimated to be 0.19 x 3.1
pg = 0.6 ng, where the value of 0.19 is the weight of NMIJ’s
result in TAC’s result in 2015 and the value of 3.1 pg is the
estimated common systematic uncertainty between NMIJ’s
result in 2015 and 2017. Consequently, the correlation coeffi-
cient for the mass difference measurement was estimated to be
(0.6 pg)*/(1.8 pg x 4.9 ug) = 0.04.

The uncertainty due to the surface layers mass was esti-
mated to be 10.0 pg [8, 9] and 8.9 pg for IAC’s result in 2015
and NMIJ’s result in 2017, respectively. The same values of
the density of the OL and the mass of the CWL were used
for IAC’s result in 2015 and NMIJ’s result in 2017, and the
corresponding common systematic uncertainties were esti-
mated to be 3.4 pg and 2.2 pg [9], respectively. Consequently,

oVy (Vmu—2015, Vere—2015)  Cove (Vmu—2015, Vmu—2017)
2
[ur (VerB—2015)]

ovy (VerB—2015, VNMI—2017)

Cov: (VprB—20155 VNMI.12—2017)
[ur (Vamw—2017)]

s

(20)

the correlation coefficient for the surface layers mass was
estimated to be [(3.4 pg)*+ (2.2 pg)?/[(10.0 pg x 8.9
pgl = 0.18.

The uncertainty due to the point defect mass was esti-
mated to be 3.8 pg [8, 9] both for IAC’s result in 2015 and
NMIJ’s result in 2017. Since the same value of the point
defect mass was used for IAC’s result in 2015 and NMIJ’s
result in 2017, the correlation coefficient between them was
estimated to be 1.

In conclusion, the correlation coefficient between the Si
mass determinations by IAC in 2015 and by NMIJ in 2017
was estimated to be 0.32.

75. Correlation between the N, determinations in 2015
and 2017

Table 8 summarizes the relative contributions and correlations
of the uncertainty sources to the determination of N by IAC
in 2015 and that by NMI1J in 2017. The correlation coefficient
between the N, determinations was estimated to be 0.28,
indicating that the correlation is not particularly strong even
though the same 28Si sphere was used for the N, determina-
tions. This result is explained by the following considerations.
Though the same values of M and a of AVO28-S5¢ were used
for the N determinations as described in sections 7.1 and 7.2,
the uncertainty contributions from a and M are small com-
pared with those of the Si core volume and mass as shown
in table 8. In addition, the covariances between many of the
large uncertainty sources in the determinations of the Si core
volume and mass are relatively small as shown in tables 5
and 7. The correlations between the Si core volume and mass
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Table 7. Relative contributions and correlations of the uncertainty sources to the Si core mass determinations of AVO28-S5c¢ by IAC in

2015 and by NM1J in 2017.

Relative contribution to uncertainty

Relative contribution to uncertainty

Uncertainty source of meore by IAC in 2015 of meore by NMIJ in 2017 Correlation
BIPM mass scale 3.0 x 1072 33 x 107° 0.91

Mass difference measurement 1.8 x 1072 49 % 1072 0.04
Surface layers mass 10.0 x 1072 89 x 107° 0.18

Point defect mass 3.8 x 107 3.8 x 107° 1

Total 113 x 10 113 x 10”9 0.32

Table 8. Relative contributions and correlations of the uncertainty
sources to the N determinations by IAC in 2015 and by NM1J
in 2017.

Table 9. Relative contributions and correlations of the uncertainty
sources in the determinations of the Si core volume by NMIJ for
AVO028-S5in 2011 and AVO28-S5c in 2017.

Relative contribution to Ny

determination
Na by IAC Na by NMIJ

Uncertainty source in 2015 in 2017 Correlation
Molar mass M 5.4 % 107° 5.4 % 107° 1

Lattice constant a 55 % 107° 55 % 107° 1

Sicore volume Veore  16.0 x 1077 202 x 1077 0.14

Si core mass Mcore 113x107° 113 x107° 032

Total 210 x 107° 244 x107° 028

determinations in 2015 and 2017 are therefore not particularly
strong. Consequently, the correlation coefficient between the
Ny determinations in 2015 and 2017 is relatively small.

8. Correlation with the N, determination
by IAC in 2011

8.1. Lattice constant

The correlation between the uncertainty contributions of the
lattice constant to the 2011 and 2015 N, determinations by
IAC was examined thoroughly, and the correlation coefficient
was estimated to be 0.15 in [9]. As described in section 5.1, the
same lattice constant was used for the N, determinations by
IAC in 2015 and by NMIJ in 2017. The correlation coefficient
between the uncertainty contribution of the lattice constant to
the N determination in 2011 and that in 2017 was therefore
also estimated to be 0.15.

8.2. Molar mass

The correlation between the uncertainty contributions of the
molar mass to the 2011 and 2015 N, determinations was
examined thoroughly, and the correlation coefficient was esti-
mated to be 0 in [9]. As described in section 5.1, the same
molar mass was used for the Ny determinations by IAC in
2015 and by NMIJ in 2017. The correlation between the
uncertainty contributions of the molar mass to the N determi-
nations in 2011 and 2017 was therefore also estimated to be 0.

8.3. Si core volume

In the 2011 N4 determination, the Si core volume of AVO28-S5
was determined independently at NMIJ and PTB. To estimate
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Relative Relative
contribution contribution
Uncertainty to uncertainty of to uncertainty
source VNMIJ_2011 a of VNMIJ-2017 Correlation
Interferogram 36.3 x 107? 103x107° 0
analysis
Temperature 4.8 x 107° 4.8 x 107° 0.21
Diffraction 16.0 x 107° 160 x 1072 025
effect
Surface 2.5 % 107° 27x107° 0
Standard 29.7 x 107° 3.3 x107° 0
deviation of
the mean volume
Total 49.8 x 107° 20.1 x 107 0.07
4 Values from [13].

Table 10. Correlations between the Si core volume measurements
by PTB and NM1J in 2011 and 2017.

Correlation coefficient

Relative
Institute, year  uncertainty Vw2011 Vere2011 Vmp-2017
VNMu-2011 498 x 1072 1 0 0.07
VprB-2011 36.6x107° 0 1 0
Vamu-2017 20.1 x 1072 0.07 0 1

the correlation between the uncertainty contributions of the Si
core volume to the N determinations in 2011 and 2017, the
correlation coefficients of the following three combinations
were estimated:

1. Corr (Vnmi-2011, VNMD-2017);
2. Corr (VprB-2011, VNMII-2017);
3. Corr (Vnmu-20115 VPTB-2011);

where Vw2011 and Vpreooorr are the V.o values deter-
mined by NMIJ and PTB in 2011, respectively.

8.3.1. Correlation between VNM[J.2011 and VNM[J.2017. Table 9
summarizes the relative contributions and correlations of the
uncertainty sources to the Si core volume measurements by
NMIJ in 2011 and 2017. The relative contributions of the uncer-
tainty sources in the 2011 measurement are from [13]. Because
the same optical interferometer was used for the Si core volume
measurements in 2011 and 2015, the correlation coefficients
between the uncertainty sources regarding the interferometric
measurement in table 9 are the same as those between the Si
core volume measurements in 2015 and 2017 listed in table 5.
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Table 11. Relative contributions and correlations of the uncertainty sources to the Si core mass determination of AVO28-S5 by IAC-2011

and that of AVO28-S5¢ by NM1J in 2017.

Relative contribution to
uncertainty of mq, by IAC in

Relative contribution to
uncertainty of mgore by

Uncertainty source 2011 NMIJ in 2017 Correlation
BIPM mass scale 3.0 x 107° 33 % 1077 0.91
Mass difference measurement 1.8 x 107° 4.9 x 107° 0.07
Surface layers mass 14.5 x 107° 8.9 x 107° 0.13
Point defect mass 24 % 1072 3.8 x 107° 0.63
Total 15.1 x 107° 113 x 107° 0.19

In the surface characterizations, the thickness determina-
tions of the CL and OL in 2011 are uncorrelated with those
in 2017 because they were measured using different surface
analysis techniques [7, 11]. One of the dominant uncertainty
sources in the 2011 surface characterization was the thick-
ness determination of the metallic contamination layer [7].
Because this contamination layer was removed after the 2011
measurement [18], the contributions from this source are
also uncorrelated. On the other hand, only the CWL thick-
ness determinations are strongly correlated because the thick-
nesses were estimated from the same literature data [34],
and the effects of the CWL on the Si core determinations
in 2011 and 2017 were estimated using the same thickness
and optical constants. However, the uncertainty contributions
from the thickness and optical constants of the CWL to the
Si core determination in 2017 are negligibly small as shown
in table 3. The contributions to the Si core determination in
2011 were also negligibly small as shown in table 5 in [13].
Consequently, the correlation coefficient between the uncer-
tainty contribution of the surface characterization to the Si
core determination in 2011 and that in 2017 was therefore
estimated to be 0.

From the uncertainties and correlations in table 9, the
correlation coefficient between Vw011 and Vamiy-2017 was
estimated to be 0.07.

8.3.2. Correlation between Vprg.o011 @and Vuy-2017 and corre-
lation between VPTB-2011 and VNM/J.2011. The Optical conﬁgura-
tion and phase-shifting algorithm of the PTB interferometer
used in 2011 were completely different from those of the
NMIJ interferometer used in 2011 and 2017 [7, 13, 35]. The
measurements by the two interferometers are therefore
uncorrelated.

In the surface characterizations by PTB in 2011 and
by NMIJ in 2017, the CWL thickness determinations are
strongly correlated because the same thickness of the CWL
was used to derive the core volumes [7]. On the other hand,
the thickness determination of the CWL and CL by PTB
in 2011 is strongly correlated with that by NMIJ in 2011,
because PTB and NMIJ used the same thicknesses of these
layers to derive the Si core volumes [7]. However, the
uncertainty contributions of the surface characterizations to
the Si core volume were significantly smaller than those of
the volume measurement by interferometry [7, 11]. Taking
into account the correlations regarding the volume measure-
ments by interferometry and the surface characterizations,
the correlation coefficient between Vprg.o011 and Vami-2017
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Table 12. Relative contributions and correlations of the uncertainty
sources for the N determinations by IAC in 2011 and by NM1J in
2017.

Relative contribution
to N determination

Uncertainty source [ACin2011 NMIJin2017 Correlation
Molar mass M 79 % 107 54 x 107° 0

Lattice constant a 10.5 x 1072 5.5 % 1072 0.15

Si core volume Viore 302 x 107 20.2 x 107°  0.04

Si core mass Mmeore 151 x107° 113 x107° 0.19

Total 362 x 107° 243 x10° 0.07

and that between Vprpoorr and Vnwmip-2011 were therefore
estimated to be 0.

8.3.3. Correlation between Viac.oorr and Vu-2017. Table 10
summarizes the correlations between the Si core volume deter-
minations by PTB and NMIJ in 2011 and 2017. The weights of
Vimp-2011 and Vergoorn in Viacaort are (1/[u(Vamu-2011)1%)/
(M V20101 + Vue(Verg01)1?) = 035 and  (1/[uy
(Ver-201 )1/ (1 [ur(Viny-2011)1* + V[ Verg2011)1?) = 0.65,
respectively. Taking these weights into account, the correlation
coefficient between the volume measurements by IAC in 2011
and NMIJ in 2017 was estimated to be 0.04.

8.4. Si core mass

Table 11 shows the relative contributions and correlations of
the uncertainty sources to the Si core mass determination of
AV028-S5 by IAC in 2011 and that of AVO28-S5¢ by NMIJ in
2017. The Si mass obtained by IAC in 2011 was the weighted
mean of the values obtained by three laboratories, BIPM, PTB
and NM1J in 2011, in which the weight of NMIJ’s result was
0.25 [7]. The mass measurement result by each laboratory was
revised in 2015 on the basis of the Extraordinary Calibrations
from 2013 to 2014 [36, 37]. On the other hand, the Si mass for
the N determination by NMIJ in 2017 was determined only
by NMIJ.

The mass measurement results obtained by IAC in 2011
and by NM1J in 2017 were both traceable to the BIPM mass
scale established at the Extraordinary Calibrations from 2013
to 2014 [36, 37]. The uncertainty due to this BIPM mass scale
was estimated to be 3.0 pg [9] and 3.3 pg for IAC’s result in
2011 and NMIJ’s result in 2017, respectively, and the common
systematic uncertainty between them was estimated to be 3.0
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Table 13. Values of the Avogadro constant Ny determined by IAC in 2011 and 2015 and by NM1J in 2017.

Correlation coefficient

Institute, year Na IAC, 2011 IAC, 2015 NMIJ, 2017
IAC, 2011 6.02214099(18) x 10?* mol ' 1 0.17 0.07

IAC, 2015 6.02214076(12) x 10?* mol~'® 0.17 1 0.28

NMLJ, 2017 6.02214084(15) x 10% mol~'¢ 0.07 0.28 1

@ The Ny value in [7] is 6.022 140 82(18) x 10* mol~'. This was updated on the basis of a correction due to the recalibration of the mass standards [36, 37].

Details of the correction are provided in [8].
b Value from table 14 in [8].
¢ This work.

pg. Consequently, the correlation coefficient was given by
(3.0 p@)*(3.0 pg x 3.3 pg) = 0.91.

The mass of the Si sphere including the surface layers
was independently determined by the mass difference meas-
urement by each laboratory by comparison with a reference
weight traceable to the BIPM mass scale. The uncertainty due
to this mass difference measurement was estimated to be 1.8
pg [9] and 4.9 pg for IAC’s result in 2011 and NMIJ’s result
in 2017, respectively, and the common systematic uncertainty
between them was estimated to be 0.25 x 3.1 ug = 0.8 pg,
where the value of 0.25 is the weight of NMIJ’s result in
IAC’s result in 2011 and the value of 3.1 pg is the estimated
common systematic uncertainty between NMIJ’s results
in 2011 and 2017. Consequently, the correlation coefficient
for the mass difference measurement was estimated to be
(0.8 pg)*/(1.8 pg x 4.9 ug) = 0.07.

The uncertainty due to the surface layers mass was esti-
mated to be 14.5 pg [7, 9] and 8.9 pg for IAC’s result in 2011
and NMIJ’s result in 2017, respectively. The same values of
the density of the OL and the mass of the CWL were used for
TAC’s result in 2011 and NMIJ’s result in 2017, and the corre-
sponding common systematic uncertainties were estimated to
be 3.4 pg and 2.2 pg [9], respectively. Consequently, the cor-
relation coefficient for the surface layers mass was estimated
to be [(3.4 pg)” + (2.2 pe)’V/[(14.5 pg x 8.9 pg] = 0.13.

The uncertainty due to the point defect mass was estimated
to be 2.4 pg [7, 9] and 3.8 pg for IAC’s result in 2011 and
NMIJ’s result in 2017, respectively, and the common sys-
tematic uncertainty between them was estimated to be 2.4
pg. Consequently, the correlation coefficient was given by
(2.4 pg)*(2.4 pg x 3.3 ug) = 0.63.

In conclusion, the correlation coefficient between the Si
mass determinations by IAC in 2011 and by NMIJ in 2017
was estimated to be 0.19.

8.5. Correlation between the N, determinations in 2011
and 2017

Table 12 summarizes the relative contributions and correla-
tions of the uncertainty sources to the N determinations by
IAC in 2011 and by NM1J in 2017. The correlation coefficient
between the two N determinations was estimated to be 0.07,
which is smaller than that between the N, determinations
in 2015 and 2017 given in table 8. This result is explained
by the following considerations. One of the largest uncer-
tainty sources in the N determination in 2011 was the mass

Table 14. Values of the Avogadro constant N determined using
AV028-S5 and AVO28-S5c.

Institute, year, sphere Na

IAC, 2011, AVO28-S5
IAC, 2015, AVO28-S5¢
NMIJ, 2017, AVO28-S5¢

6.02214112(21) x 10?3 mol 12
6.02214072(13) x 10% mol~'®
6.022 14084(15) x 10% mol !¢

2 The Ny value in [7] is 6.02214095(21) x 10> mol~'. This was updated on
the basis of a correction due to the recalibration of the mass standards

[36, 37]. Details of the correction are provided in [8].

® Value from table 14 in [8].

¢ This work.

determination of the surface layers. Because of the metallic
contamination layer, it was not possible to determine the
mass of the surface layers accurately [7]. After the measure-
ments in 2011, this contamination layer was removed [18].
Consequently, the correlation between the Si core mass mea-
surements in 2011 and 2017 is smaller than that in 2015 and
2017 as shown in tables 8 and 12. In addition, the correla-
tions between the values of @ and M in 2011 and 2017 are
also significantly small compared to that in 2015 and 2017
as described in sections 8.1 and 8.2. As to the determination
of the Si core volume determinations, the correlation coeffi-
cient between the Si volume measurements in 2011 and 2017
is smaller than that in 2015 and 2017 as shown in tables 8 and
12 because the weight of Vmis-2011 in Viac2011 is smaller than
that of VNmup-2015 in Viac201s- Consequently, the correlation
coefficient between the N determinations in 2011 and 2017
is smaller than that between the N, determinations in 2015
and 2017.

9. N, value based on the determinations in 2011,
2015 and 2017

Table 13 summarizes the values of Ny determined by IAC in
2011 and 2015 [7, 8] and by NMIJ in this work. The correla-
tion between the three N determinations estimated in [9] and
this work are also listed.

The N4 values in 2011 and 2015 were determined from
the measurement results for the two spheres: in 2011, the two
spheres AVO28-S5 and AVO28-S8 [7] were used, and, in 2015,
the repolished two spheres AVO28-S5¢ and AVO28-S8c were
used [8]. In each N, determination, the same measurements
were performed for the two spheres manufactured from the
same 28Si-enriched crystal using the same polishing procedure.
The uncertainties of the N determinations for the two spheres
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Table 15. Correlations between the N determinations by PTB and NMIJ using AVO28 and Si28-23Pr11 in 2017.

Correlation coefficient

Institute, sphere Crystal NMIJ, AVO28-S5¢  NMIJ, Si28kg0la  PTB, Si28kg0Ola  PTB, Si28kg01b
NMIJ, AVO28-S5¢  AVO28 1 0.26 0.12 0.12

NMIJ, Si28kgOla  Si28-23Pr11  0.26 1 0.13 0.13

PTB, Si28kg0la Si28-23Pr11  0.12 0.13 1 0.5

PTB, Si28kg01b Si28-23Pr11  0.12 0.13 0.5 1

were almost the same, and the N4 value was determined as the
weighted mean of the N values of the two spheres. Though
the N value by NMIJ in 2017 obtained in this work was deter-
mined from the measurement results only for AVO28-S5c, the
correlations estimated in this work can be therefore used to
elucidate the correlations between the N, value determined
in this work and those in the 2011 and 2015 determinations
using the two spheres. Taking the correlations into account, the
weighted mean of the three N, values in table 13 is

Ny = 6.022140833(97) x 10* mol ™!, (22)

with a relative standard uncertainty of 1.6 x 1078, and the
Birge ratio is 0.83. Details of the procedure to estimate the
weighted mean, the uncertainty and the Birge ratio are sum-
marized in appendix E of [38].

To check the consistency between the N values determined
by AVO28-S5 and AVO28-S5c, the Np value determined
using AVO28-S5c¢ in this work was compared with those by
AVO28-S5 in 2011 and AVO28-S5c in 2015. Table 14 shows
the comparison of the three N values. As shown in this table,
the N value determined in study shows good agreement with
the other two N, values within their uncertainties.

10. Correlation with the N, value using a
new 28Si-enriched crystal

Recently, we have determined the Na value using a new
2Si-enriched crystal, Si28-23Prl11 [39]. Two 1kg spheres,
Si28kg0Ola and Si28kgO1lb, were manufactured from the
new crystal at PTB and were used for the N, determina-
tion by the XRCD method. NMIJ determined the N value
using Si28kg0Ola with a relative uncertainty of 2.3 x 10735,
By combining this N value with those determined by PTB
using Si28kgOla and Si28kg01b, the N, value was finally
determined with a relative uncertainty of 1.2 X 1073 [39].
The correlation between the N value determined in this work
using AVO28-S5¢ and that by NMIJ using Si28kgOla was
estimated to be 0.26 by using the same procedure described
in section 6 of this paper. The correlation between the two N
values determined by PTB using Si28kg0Ola and Si28kg01b
was estimated to be 0.5 [40]. The correlation between the Na
value determined by NMIJ using Si28kgOla and those by
PTB using Si28kg0la and Si28kgOlb was estimated to be
0.13. The correlations between the N value determined by
NMIJ using AVO28-S5¢ and those by PTB using Si28kg01a
and Si28kg01b was estimated to be 0.12. The estimated cor-
relation coefficients are summarized in table 15. Taking into
account the correlations, the correlation between the Na
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values determined by NMIJ using AVO28-S5c in this work
and that by PTB and NMIJ using Si28kg01la and Si28kg01b
was estimated to be 0.21.

11. Conclusion

To obtain a new value of the Avogadro constant N, the mass
and volume of a 1kg *Si-enriched sphere were determined
by a vacuum mass comparator and an optical interferometer,
respectively. The sphere surface was characterized by x-ray
photoelectron spectroscopy and spectroscopic ellipsometry
to derive the mass and volume of the Si core excluding the
surface layers. From the mass and volume, the density of the
Si core was determined with a relative standard uncertainty
of 2.3 x 1078, By combining the density with the lattice con-
stant and the molar mass of the sphere reported by the IAC
project in 2015, a value of 6.02214084(15) x 10> mol™!
was obtained for Ny with a relative standard uncertainty of
2.4 x 1078, The new N, value agrees with those determined
in our previous works [7, 8] within their uncertainties. The
correlation coefficients of the new N value with the Na
values determined by IAC in 2011 and 2015 were estimated
to be 0.07 and 0.28, respectively. The correlation coefficient
of the new N, value with the N value determined by IAC
in 2017 using a new different 28Si-enriched crystal [39] was
estimated to be 0.21.
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